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Correspondence 
Three Necessary Conditions for the Validity 
of the Fresnel Phase Approximation for the 
Near-Field Beam Pattern of an Aperture 
Lawrence J. Ziomek 
Abstract- A simple, straightforward derivation of three necessary 
conditions that define the region of validity for the near-field directiv- 
ity function (beam pattern) of an aperture (array) is presented. The 
derivation of all three criteria is based on determining what conditions 
must be satisfied in order to obtain a valid Fresnel approximation of the 
time-independent free-space Green’s function. Comparisons with other 
near-field conditions in the literature are made. 
I. INTRODUCTION 
The Fresnel diffraction integral in optics is important in elec- 
tromagnetics and unqerwater acoustics as well, since its form is 
commonly defined as the near-field directivity function (beam pattern) 
of an aperture (array) [l], [2]. In deriving the Fresnel diffraction 
integral, one of the major mathematical steps is to perform a second- 
order binomial expansion of the range term in the phase factor 
of the time-independent free-space Green’s function [ll, [31-[51. 
This second-order binomial expansion is referred to as the Fresnel 
approximation or the Fresnel expansion of the Green’s function. 
This letter demonstrates a simple, straightforward derivation of 
three necessary conditions that define the region of validity fof 
the near-field beam pattern of an aperture. The derivation of all 
three criteria is based on determining what conditions must be 
satisfied in order to obtain a valid Fresnel approximation of the time- 
independent free-space Green’s function. Comparisons with other 
near-field conditions in the literature are. made. 
11. ANALYSIS 
The time-independent free-space Green’s function is defined as 
follows [6]: 
where 
k = 2 i r f / C  = 2s/x (2) 
is the wave number in radians per meter, c is the constant speed of 
sound in meters per second, X is the wavelength in meters, 
1: = z2 + yp + ti (3) 
is the position vector to a field point, and 
110 = zo2 + Yop + to2 (4) 
is the position vector to a source point (see Fig. 1). We begin the 
analysis by noting that the range term - z01 appears both as an 
amplitude term and a phase term in (1). Since 
k-51= d ( T - E J * ( T - 5 )  (5 )  
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Fig. 1. Aperture shown occupying a volume VO . 




7: = U ?  + v p  + wi 
is the unit vector in the direction of E, that is, 
= Tl’  
where 
U = sin 0 cos $ 
v = sin 0 sin $ 
and 
w = cos 0 (14) 
are the dimensionless direction cosines with respect to the z, y. and 
z axes, respectively (see Fig. 2). Also note that the parameter b given 
by (7) is dimensionless. We are now in a position to approximate the 
Green’s function given by (1). 
Consider the spherical spreading amplitude term l / lT - 51. In 
order to approximate the range term IT - 5 I, we shall use a binomial 
expansion of the square root in (6), that is, 
(~-51 = ~ ~ ~ ~ [ l + ( b / 2 ) - ( b ’ / 8 ) + . - . ] ,  Ibl<l .  (15) 
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or, equivalently, that 
T i  2 S ( P  . T o y  (22) 
where the constant K > 1  controls the region of validity of the Fresnel 
approximation. Taking the positive square root of both sides of (22) 
yields 
To 2 fiIi.51 (23) 
where the magnitude of the dot product is used since T O  must be 
positive. Since we already introduced 9 as the angle between i and 
5, where 1' is the unit vector in the direction of the position vector 
1: to a field point, and 5 is the position vector to a source point, 
(23) can be expressed as 
1 2 f i l c o s  91, 0 5 9 5 7T (24) 
or 
9min I 9 I 4max, 0 I 9 I R (25) 
where 
cpmin = c o s - 1 ( l / m )  (26) 
and 
9max = 7~ - Qmin (27) 
since I cos (T - c$)I = I cos 91 (see Fig. 3). Therefore, since a factor 
of 10 is commonly used to represent "much greater than," if we let 
K = 10, then (25) becomes 
72" 5 I 108'. (28) 
Equation (28) is the j r s t  necessary condition that describes the 
region of validity for the Fresnel approximation. For example, for 
the geometry shown in Fig. 3, the Fresnel approximation, and hence, 
the near-field beam pattern of an aperture (array) lying in the XY 
plane is only valid inside an angular region no greater than 18' from 
the 2 axis. This 18" criterion (which is analogous to the paraxial 
ray assumption) is the same result that Goodman [3] obtained when 
he set the obliquity factor equal to unity in order to derive the 
Fresnel diffraction integral from the Rayleigh-Sommerfeld diffraction 
integral. 
Since we have just shown that (28) must be satisfied in order for 
the Fresnel approximation to be valid, setting the radial distance to a 
source point TO equal to its maximum value, for example, call it R; 
and substituting either 9 = 72' or 9 = 108' into (16) yields 
r> 1.356R. (29) 
Equation (29), which is the second necessary condition, stipulates the 
minimum range that a field point has to be from an aperture in order 
to guarantee that Ibl< 1 for the Fresnel approximation, and hence, the 
near-field pattern to be valid. 
Next, by using the Fresnel approximation of the Green's function 
given by (20), we shall derive a criterion that establishes the boundary 
between the near-field (NF) and far-field (FF) regions of an aperture. 
We begin by examining the quadratic phase factor exp [ - i k r i / ( 2 ~ ) ]  
that appears on the right-hand side of (20). The quadratic phase factor 
accounts for the effects of wavefront curvature, and since k = 27r/A, 
it can be rewritten as exp[-jsTi/(AT)]. w e  shall consider this 
quadratic phase factor to be insignijcant if 
X 
Fig. 2. The unit vector i. and the spherical angles 0 and t,b. Note that 
the angle t,b is measured in a counter-clockwise direction. 
Note that (15) is valid only if Ibl<l, where b is given by (7). In the 
Appendix it is shown that Ib l< l  whenever 
where 4 is the angle between 1: and 5. Therefore, assuming that 
Ibl<l and using only the first term of the binomial expansion in 
(15), 11: - 51 M T ,  and as a result, 
(17) 1/11: - 51 = 117. 
Although using only the first term of the binomial expansion is sat- 
isfactory for approximating the amplitude term, it is not satisfactory 
for approximating the complex exponential exp ( - j k l r  - 5 I), since 
small changes in range 111 - 5 I can lead to large changes in its value. 
In order to approximate exp ( - j k l r  - 5 I), we shall use the first 
three terms of the binomial expansion as shown in (13, and if terms 
involving TO raised to powers greater than two are neglected, then 
(15) reduces to 
, Ibid. (18) [ T i  - (i' 517 11: - 51 = T - 1: .  + 2r 
Therefore, upon substituting (17) and (18) into (l), we obtain 
exp ( - j k r )  
exp (+jkP *b) 
4TT 
Sf(dT0)  - 
which is a near-field expansion of the Green's function involving all 
terms up to second power in T O .  
The Fresnel expansion of gf(1:lG) can also be obtained from (15) 
by using only the first two terms of the binomial expansion instead 
of the first three, which is equivalent to neglecting the dot product 
term (1: G)* in (18) and (19). Therefore, the Fresnel expansion or 
Fresnel approximution of the Green's function is given by 
(b(<l .  (20) 
T i  >> ( p .  Q)' (21) 
Neglecting (1: in (19) in order to obtain (20) implies that 
2 
7 2 < 1  
AT 
or 
T > R T ~ / A .  
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Fig. 3. Geometrical representation of the Fresnel approximation. 
In order to obtain a conservative criterion based on (31), we consider 
the worst case, which is when the numerator becomes the largest. This 
corresponds to setting ro equal to its marimum value R. Therefore, if 
r>aRZ/X>1.356R (32) 
then we shall consider the quadratic phase factor to be insigniJicant 
since it will be approximately equal to exp ( j 0 )  = 1, a constant, 
which indicates no phase variation as a function of ro and r .  Equation 
(32) is the far-jield criterion. However, if 
1.356R<r<xR2/X (33) 
then we shall consider the quadratic phase factor to be signijcanf, 
that is, a nonnegligible function of ro and r .  Equation (33) is the 
near-jield criterion. Note that (29) has been incorporated into (32) 
and (33). 
Therefore, we have established that the boundary between the NF 
and FF regions, which is the third necessary condition, is at a range 
rR2/X meters from an aperture (array), where R is the maximum 
radial extent of the aperture. It is important to note that the range 
of the Fresnel (NF) region is given by (29). However, since the 
quadratic phase factor is negligible for r>7rR2/X>1.356R, the NF 
beam pattern (Fresnel diffraction pattern) reduces to the FF beam 
pattern (Fraunhofer diffraction pattern) when r>nR2/X>1.356R. In 
comparison, Steinberg [7] uses L’/X = 4R2/X for the range to the 
NF-FF boundary, where L = 2R is the maximum length of a linear 
aperture. In addition, Clay and Medwin [8] report that for a circular 
piston of radius a meters, the FF region begins at a range of Ta2/X 
meters; and for a square piston of side L meters, the FF region begins 
at L2/X meters, analogous to Steinberg [7]. 
III. SUMMARY 
Three necessary conditions that define the region of validity for the 
near-field directivity function (beam pattern) of an aperture (array) 
were derived. The derivation of all three criteria was based on 
determining what conditions must be satisfied in order to obtain 
a valid Fresnel approximation of the time-independent free-space 
Green’s function. The first necessary condition is given by (28) and 
the second and third necessary conditions are represented by (33). 
IV. APPENDIX 
In this appendix we shall derive a criterion that will guarantee that 
Ibl<l  where (see (7)) 
or, expanding the dot product in (A-1), 
where 4 is the angle between i and 5. Therefore, with the use of 
(A-2), Ibl<l  can be expressed as 
(A-3) 
If we restrict ourselves for the moment to x / 2  I 4 5 r, then the 




r r  
7 - 2 2  cos 4 < 1 ,  I 4 I r (A-4) 
or 
r2 + 2rOr cos 4>rg2, a12 5 4 I a. (A-5) 
Completing the square on the left-hand side of (A-5) yields 
r’ + 2ror cos 4 + rg2 cos’ + rg2 cos’ 4, 
( r  + ro cos +) ’>r ; ( l+  cos’ 4) ,  
7112 I 4 T (A - 6)  
~ / 2  5 4 5 x (A - 7) 
and, finally, 
r > r o ( J i T Z X j  - cos 41, a / 2  I 4 5 x. 
(A-8) 
For 0 I 4 5 a/2,  we substitute the identity 
c o s ( a - f $ ) = - c o s ~  (-4-9) 
into (A-8), and as a result, 
ro(diTGZ3+ cos 41, o I 4 I x / 2  
r o ( J i T G X j  - cos 4), x / 2  I 4 I a. 
(A-IO) 
Therefore, if (A-10) is satisfied, then Ibl<l .  
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Comments on “The Real Time Implementation 
of Propagator Bearing Estimation Algorithm 
by the Use of a Neural Network” 
J. Y. Jourdain 
In a recent paper’ the authors employ a “propagator” which they 
refer to as “the Marcos Propagator” and credit Marcos and Benidu [l] 
with its introduction. The purpose of this correspondence is to point 
out that this same operator was mentioned for the first time in 1987 
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in French by Jacques Munier [2] under the title “Identification of 
Correlated and Distorted Wave Fronts.” In that paper, Munier states 
that S. Spitz defined the same operator in a paper which was submitted 
to IEEE TRANSACTIONS ON ACOUSTICS, SPEECH, AND SIGNAL 
PROCESSING, but was not published. To give credit where credit 
is due it would be more appropriate to refer to the operator as the 
“Munier Propagator” or the “Munier-Spitz Propagator.” 
It is worth noting that Sylvic Marcos began to work later on this 
topic closely with J. Munier publishing many papers, such as [3]. 
REFERENCES 
[l] S. Marcos and B. Benidir, “In a high resolution m y  processing method 
not based on the eigenanalysis approach,” in Proc. ICASSP’N, pp. 
[2] J. Munier, “L‘identification de fronts d’ondes corn?lbs et distordus,” 
[3] S. Marcos and J. Munier, “Source localization using a distorted antenna,” 
2955-2958. 1990. 
Tmitement du Signal, vol. 4, pp. 281-295. 
in Pmc. ICASSP’89, pp. 2756-2759, 1989. 
